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INTRODUCTION:

The objective of this report is to develop a plane stress model of a simply supported beam
using the finite element analysis (FEA) programme LUSAS and to show how the accuracy of
the solution is affected by changing the mesh density. The report will show how the finite
element model converges towards or diverges from the results from a theoretical model as
the mesh density increases or decreases. Different elements such as triangular and

guadrilateral elements with only corner nodes will be used in the FEA and their effects on

convergence will be studied.

BACKGROUND THEORY

Plane Stress

When an element of material is in a state of plane stress in the plane of a set of orthogonal
axes x and y, only the x and y faces of the element are subjected to stresses (Fig 1). All the
stresses either normal or shear acting on the material act parallel to the x and y axes. If the
material is at the free surface of a body and the z axis is perpendicular to the x and y axes,
out of the page in this case, then the z face of the material is in the plane of the free surface.
If there are no external loads applied then the z face is stress free. This form of stress is
common, as it exists at the surface of any body under stress as long as there are no loads
applied to the surface. Plane stress allows 3- dimensional problems to be reduced to 2 —
dimensional problems. This can simplify the modelling of structures and the computational

effort is greatly reduced.

3 SRS
T

Figure 1. Plane Stress Element

Source: Gere, Mechanics of Materials, 5th Edition
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Finite Element Analysis

The finite element method was discovered by Turner, Clough, Martin and Topp and was first
published in a paper in 1956. The authors discovered that structures of irregular shape could
be broken up into simpler geometrical elements and by deriving the load displacement
equations in matrix form they could combine the effects of each element in a relatively
simple manner. FEA can accurately determine the response of a model made up of finite
elements when subjected to loading. In FEA you develop a model that is only an idealisation
of the real structure. Only in a few exceptions does a FEA provide exact results for example
in the case of a static analysis of a simple truss. However, with proper modelling accurate
results can be obtained. The difference between results obtained from FEA and the exact
solution is due to discretisation error. This error occurs when the model has been defined
and is then split up into finite elements. The error arises from two sources. Firstly error due
to assumptions made on the behaviour of the elements. For instance a plane stress
triangular element (Fig 2. a) with constant stress over its area has 6 degrees of freedom, if
mid-side nodes are now added to the triangular element the number of degrees of freedom
rises to 12, with each node having 2 degrees of freedom. Due to this ‘higher order’ functions
are used to define the behaviour of the element and a more accurate result is obtained. The
second source of error is due to mesh density. The mesh density is the number of elements
per unit area. It is usually the case that when the mesh density is increased the result

converges on the exact solution.

.

(a) Three-noded (b) Four-noded {c¢) Eight-noded (d} Six-noded
triangle quadrilateral quadrilateral triangle

Figure 2. Plane Stress Elements Showing Degrees of Freedom

Source: Macleod, Modern Structural Analysis
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This study demonstrates how the accuracy of a solution is affected by mesh refinement. The
conclusions to be drawn from this study have a degree of general relevance to modelling
with other types of element, such as plate bending, and volume elements.

Two plane elements types are included in the convergence analysis. The names used for the
runs are from the LUSAS analysis programme.

e TPM3 — Linear triangular elements with only corner nodes
® (QPM4 —linear quadrilateral elements with only corner nodes

All of these elements have two degrees of freedom per node.
Features of the behaviour of these elements include the following:

e The elements are all isoparametric, based on functions that define both the shape of
the element and the displacements. Such elements are conforming in that the
displacement functions ensure boundary compatibility between the elements. This
means that:

i) they give a lower bound to an influence coefficient — i.e. the deformation at a
single point load on a system of elements will always underestimate the true
deformation as compared with an exact solution to the governing differential
equations

ii) in general they tend to overestimate stiffness

* The loading for the system is not a single point load but the arrangement is such that
the deformation in the line of the load is very likely to be underestimated by a mesh of
any of two elements

In this context the order of the element is the number of terms in the displacement function
used to define the element. For the elements considered here, the number of terms in the
displacement function is equal to the number of degrees of freedom assigned to each
element. A higher-order element will therefore tend to give more accurate results.
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INVESTIGATION OF CONVERAGENCE:

Bending Theory Model:

Using bending theory defined in Gere (2001) a reference solution was produced for the max
Bending Stress (Normal Stress) for the mid-span of a 5m long simply supported rectangular
beam. The size of the beam 500mm deep x 100mm wide was chosen to best show up the
stress distribution. It would not be considered a normal rectangular beam. The calculations
can be seen in Appendix 1. This value is represented by the red line on the graphs below.

Finite Model:

The finite element model was made up of a surface element divided up using both a
Quadrilateral (Quad) and Triangular (Tri) meshes. The full procedure on creating the model
can be seen in Appendix 2

Meshes:

The meshes used for the results given in the graphs below are presented in the table below.
The total number of degrees of freedom in the mesh is the order of the solution of the
simultaneous equations and is therefore a measure of the computing effort needed to
achieve a solution.

The calculation of the degrees of freedom is demonstrated using the 10 x 5 mesh.

e With Quad (QPM4) elements there are 10x6 nodes, giving 60 active nodes for this
mesh with two degrees of freedom per node.

Dof = number of active nodes x freedoms per node =60 x 2 =120

e With Tri (TPM3) elements, each rectangular element is divided into two triangles by a
diagonal line. The number of elements is doubled, but the number of degrees of
freedom is the same as with QPM4 elements.
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RESULTS:
Quad
Mesh Degrees of Freedom Max Bending stress N/mm?
2x1 8 39.05
ax2 24 66.68
8x4 80 73.12
10x5 120 73.71
25x5 300 74.83
50x5 600 76.71
Convergance of Stress
90 75N/mm?
80
2 —— — —
o 70
E,, 60
T 50
()]
@ 40
=
g 30
=
g 2
10
0 &
0 100 200 300 400 500 600 700

Degrees of Freedom
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Tri
Mesh Degrees of Freedom Max Bending stress N/mm?
2x1 8 4.55
4x2 24 6.86
8x4 80 21.58
10x5 120 29.25
20x5 240 47.09
25x5 300 50.83
Convergance of Stress
60
50 —
g /
%40
[-T+]
(=
£
S 30
£
>
£ 20
)
=
10
yad
0 50 100 150 200 250 300 350
Degrees of Freedom
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Losdeaze: 2
Title: Loadease 2
Results File: 0
Entity: Stress
Component; 5E

T.85751E8
15.7158E6
Z3ETITER

J1.4318E8
- 19.2835E8
47147588
55.0054E8

(263338
T0.T212E8

Maximum T4 835E6 5t Node 43
Minimum 4.1148E6 &t Node 2

Quad 25x5 mesh

Loadezse:
Title: Loadease 2
Results Fik: 0
Entity: Stress
Companent: 5E

4 T1345E8
§.42057ES
14.1405E8
18 8539ER
- ILEET4ES
28 2809E8
12954468

ITT079ES
424214E8

Maximum 47031588 at Node 40
Minimum 4.6T011ES  at Node 2

Tri 25x5 mesh.

Reference Appendix 3 for more screen shots of different meshes.
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CONCLUSION:

Both models for the Bending Stress converge on the reference solution of 75N/mm? (Red
Line). The Quad mesh is a lot more accurate at the same amount of Degrees of Freedom
than the Tri mesh. The curve flattens after the 8x4 mesh giving a result close to the
reference solution. To obtain an accurate result for the Tri mesh a considerably higher mesh
density would have to be used. As LUSAS used is a training program there were limitations
on the mesh density. This meant a Tri mesh giving the correct answer could not be found.

It is possible to obtain a graph of the bending stresses present through a cross section of the
beam. Using this graph it is possible to obtain an accurate value for the bending stress at
any cross section.

Flamaden CIL
F

EQ:: Graph: 3:bending stress o | = | [
Distance(1) «| [LUSAS Modeller 14.1-3 December 01, 2008
1 00 no Title set
2 01 bending stress
3 02 @BETLLJJLLI-{-JLLIJLLI-JJ:I-I-J:I-I-IJ:I-I
1 03 ® el :
E o3 @ 4eT
6 05 f—j III'IIII:IIIIIIIIIIIIIIIIIIII
P L e L L S e L e L s S L L s L
] 0 T
E " g
E-ﬂie?
2 el -+
He7 —
-—Bending Stress(3) / Distance(1)
IIZ‘\ ¥ C\Lusas141\Projects\fewafve. mdl Units: N,m kg,s,C
Recommendations:

It is not best to use the highest mesh density as it can be seen that the highest density used
gives a bigger stress than the reference solution. The best method is to choose a mesh
density at which the convergence curve starts to flatten out.

In this analysis lower order elements were used. It can be seen that using a single Quad
element give better results than splitting the area into two triangles. Therefore Tri mesh
should only be used to fill triangular areas. A surface element also tends to give better
results when a Quad mesh is used.
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APPENDIX 1
Theoretical analysis of member:

W kn/m
-
T Lm
100 mm
500 mm
_ Mmax
Omax = T
2
w x () bh?
Mpax = # Z = ?
100 % (2.5)2 100 x 5002
max — T Z= T
Mppax = 312.5 kNm Z = 4166666.667 mm>
312.5 x 10°

Omax = 1166666.667

Omax = 75 N/mm?
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APPENDIX 2

Process for generating and analysing model

Place four nodes using Cartesian polar coordinates to represent the required dimensions in
each axis (x, y, z).

Enter Coordinates
—Gnd style
[T 3 columnne
(X Y. Z)
1 0-0.25
2 00.25
3 5-0.25
4 50.25
— Local coordinate
IGIDI:uaI coordinates LI j
[T Set as active local coordinate
0k I Cancel | Help I

The four coordinates appear as red points on screen as shown below.

hd

L

Next the four points must be connected by lines in a clockwise direction.
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The area bound by the lines must now be defined as a surface.

Bl X

Surface 1
|Lines: 1.2 3,4|

The surface must be given a thickness and as it is required to act as a particular material it

should be given that materials properties.

Altribute

oK 1 Eancell

_:_] ﬁ [new]

Material Library
M atenial j
Girade | |Ungraded j
Properties
- Vahie: | Young's modulus 209.0E9
Thickness 01 3 .
Eccentricity (ez)

Puoiszon's ratio

03
7.8E3
0.011E-3

Apply ‘ Help ‘

Density

Coefficent of thermal expansion

)4 Cancel

Apply I Help ]

The member can now be meshed, in this case a Quad (square 4 node) has been chosen and

as can be seen it appears over the materials surface.

bl
¥
S

The required load must now be applied to the member. As it is a UDL select ‘Global

Distribution’. The value of the load must also be chosen, with care being paid to the

direction of the applied load (positive upwards and negative downwards) the axis to which
the loads are being applied to should also be selected.
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Structurl | oade
r Stractusal - Prescibac = e e
' Cune ibal=u " Disolaczment Sl SERLLE I Per unt area
€ 3edy Force 7 Velocity Component Value
' Global Dstibted  fcceemton JDeccton
¥ Direction -100000]
 Cace Z Direction
- L Moment about X axis
St Woment about ¥ axis
£ Temoerature n Woment about Z axis
e Moment about hinge nodes.
" Stressand Stran " Foitt
" nterzl Deam Mot " Tatch
" rterzl Ream Distriki red
 niid Veboly
" niid Arreemton
Altribute ;! j [rew)
< Fack | Mest » Finish Cancel Apply Feb | < Back I Mest » l Finish Cancel Apply Help

The member should appear as below

bl
¥
S

Running the analysis on the 50x5 quad mesh generates the following results.

Loadease: 2
Title: Losdease 2
Results File: 0
Entity: Stress
Component; SE

&.2011ER
16.8022E8
24 9032E6
33 204488
- 41 BQEEER
49 BOBAES
58.107TER

65 4088E5
T4.TOOOER

Maximum T8.7T053E8  at Node 87
Minimum 1.5854E8 &t Nede 2

It can be seen how the maximum stress of 76.7 N/mm2 compares to the actual value of 75

N/mm?. This is a percentage error of 2.2% and as such quite accurate and acceptable.
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APPENDIX 3

The following pictures are screen shots taken of the same member but with varying mesh
sizes and shapes. This allows for a comparison to take place and the optimum mesh size and
shape to be decided upon. It should be noted that the student edition of Lusas is quite
constricting on the number of applicable nodes.

Loadease: 2
Title: Loadoaze 2
Results File: 0
Entity: Stress
Component: SE

35.B4ER
36.51556E6
IT191E6
37 4585EE
3774286
38.D175EE
38.233E6
38 5AB5EE
3824485

Maximum 39.0512E5  at Mode 42
Minimum 38.5718E6  at Node 2

Quad 2x1

Loadease: 2
Title: Loadease 2
Results File: 0
Entity: Stress
Component: SE

7.29781ER

14.5952EG

21.8928E6 JJ & ll
28.1904E8

35.488E8

41, TREGER

£1.0832E8
£5.1808ER
85.8784E8

Maximum 83.8793E% at Mode 3
Minimum 1.000B5E6  at Mode 12

Quad 4x2
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Loadease: 2
Title: Losdeass 2
Reszults File: 0
Entity: Stress
Component: SE

8.07TTIER
16.1546E8

24 2319E6 ¥
- 40.3885E0
48453588 —-’.—-——'___'_—-.\_
£6.5411E8
B4 B1B4EG _T T
T2.8595TER

Madimum T3 120566  at Nede 20
Minimum 424.213E2 at Node 34

Quad 8x4

Loadease: 2
Title: Loadeasze 2
Rezults File: 0
Entity: Strezz
Component: SE

14.2605E6
21.2508E6
28.521E6
35.6513E6
- 42 TB15EG
49.9118E6
57.042E6
B4 1T23E6
T1.2025E6

Maximum 73.7T08TEE  at Mode 25
Minimum 5.53444E6  at Mode 20

Quad 10x5

Loadeaze: 2
Title: Loadcase 2
Results File: 0
Entity: Strass
Component: SE

27788562
13185385
1.7E537ER ¥

2.19421E8
- 2.61305ER
3.07T15E6
3.510T4E8
3.94958ER
4. JBB4IER

Maximum 4.55182E6  at Mode 12
Minimum 802.238E3 at Node 3

Tri 2x1
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Losdeaze: 2
Title: Losdeaze 2
Results File: 0
Entity: Stress
Component: SE

TG, TB4EL
1.41353E5
212025E8
2.827T0RER
- 35138268
4 2405RER
4 947T35ER

585411E8
6. 36088E0

Maxtimum 5.888T4E8  at Node 1
Minimum 507 887E3 at Node 12

Tri 4x2

Logdeass: 2
Title: Loadease 2
Results File: 0
Entity: Stress
Compaonent; SE

2. J4275EE
4. BB45BED
7.0268TES
9.36918E6
- 11.T114E6
14.053TEG
16, 350EG

18.7383E6
21.08D3ES

Maximum 21.5755EE  at Node 20
Minimum 455.323E3 at Node 34

Tri 8x4

Loadease: 2
Titke: Loadease 2
Results File: 0
Entity: Stress
Component: SE

TEETER
10.5082E6
13.1353E6
15.T623E6
18.3854E6
21.0165E6
21 6435E6
26.2T08EG
2B BOTRER

Maximum 23, 2015E8  at Node 25
Minimum 5.55801E6  at Nede 2

Tri 10x5

— — I
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Loadcase: 2
Title: Loadcase 2
Rezults File: 0
Entity: Stress
Component: SE

4.71245E8
9.4265TEE
14.1405E8
18853565
Z3.56T4ES
Z8.2B05ES
312.5944E8
AT TOTSEE
42.4214E5

Maccimum 47.0915E6  at MNode 40
Minimum 4. 8T011E6  at Node 2

Tri 20x5
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