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Structural Analysis IV

1. Introduction

1.1 Purpose

Previously we only used virtual work to analyse structures whose members primarily
behaved in flexure or in axial forces. Many real structures are comprised of a mixture
of such members. Cable-stay and suspension bridges area good examples: the deck-
level carries load primarily through bending whilst the cable and pylon elements

carry load through axial forces mainly. A simple example is:

Our knowledge of virtual work to-date is sufficient to analyse such structures.
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2. Virtual Work Development

2.1 The Principle of Virtual Work
This states that:

A body is in equilibrium if, and only if, the virtual work of all forces acting on

the body is zero.

In this context, the word “virtual’ means ‘having the effect of, but not the actual form

of, what is specified’.
There are two ways to define virtual work, as follows.

1. Virtual Displacement:
Virtual work is the work done by the actual forces acting on the body moving

through a virtual displacement.

2. Virtual Force:
Virtual work is the work done by a virtual force acting on the body moving

through the actual displacements.

Virtual Displacements
A virtual displacement is a displacement that is only imagined to occur:
e virtual displacements must be small enough such that the force directions are
maintained.
e virtual displacements within a body must be geometrically compatible with
the original structure. That is, geometrical constraints (i.e. supports) and

member continuity must be maintained.
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Virtual Forces

A virtual force is a force imagined to be applied and is then moved through the actual

deformations of the body, thus causing virtual work.

Virtual forces must form an equilibrium set of their own.

Internal and External Virtual Work
When a structures deforms, work is done both by the applied loads moving through a
displacement, as well as by the increase in strain energy in the structure. Thus when

virtual displacements or forces are causing virtual work, we have:

SW
SW, — SW
SW

m

0
0
é\NI

m

where
e Virtual work is denoted oW and is zero for a body in equilibrium;

o External virtual work is 6W., and;

e Internal virtual work is oW, .

And so the external virtual work must equal the internal virtual work. It is in this

form that the Principle of Virtual Work finds most use.
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Application of Virtual Displacements

For a virtual displacement we have:

oW =0
oW, =W,

ZFi -0y, :ZR'5ei

In which, for the external virtual work, F. represents an externally applied force (or
moment) and Sy, its virtual displacement. And for the internal virtual work, P,
represents the internal force (or moment) in member i and de, its virtual deformation.

The summations reflect the fact that all work done must be accounted for.

Remember in the above, each the displacements must be compatible and the forces

must be in equilibrium, summarized as:

Set of forces in

equilibrium

l l
ZFi‘5Yi :Zpi'5ei

T T

Set of compatible

displacements
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Application of Virtual Forces

When virtual forces are applied, we have:

oW =0
oW, =W,

zyi‘5|:i :Zei Xy

And again note that we have an equilibrium set of forces and a compatible set of

displacements:

Set of compatible

displacements

l l
ZYi’5|:i :Zei'5pi

T |

Set of forces in

equilibrium

In this case the displacements are the real displacements that occur when the structure
Is in equilibrium and the virtual forces are any set of arbitrary forces that are in

equilibrium.
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2.2 Virtual Work for Deflections

Deflections in Beams and Frames

For a beam we proceed as:

1. Write the virtual work equation for bending:

oW =0
oW = oW,
y-6F =) 6-6M,

2. Place a unit load, oF , at the point at which deflection is required;

3. Find the real bending moment diagram, M _, since the real curvatures are given

by:

4. Solve for the virtual bending moment diagram (the virtual force equilibrium
set), oM , caused by the virtual unit load.

5. Solve the virtual work equation:

6. Note that the integration tables can be used for this step.

9 Dr. C. Caprani



Structural Analysis IV

2.3 Virtual Work for Indeterminate Structures

General Approach

Using compatibility of displacement, we have:

-

lF
/

s \N

o= fr
te

Final = Primary + Reactant

Next, further break up the reactant structure, using linear superposition:

6 = & X 5
I ER
Reactant = Multiplier x  Unit Reactant

We summarize this process as:
M=M’+aM*

e M is the force system in the original structure (in this case moments);
e M? is the primary structure force system;
e M" is the unit reactant structure force system.
The primary structure can be analysed, as can the unit reactant structure. Thus, the

only unknown is the multiplier, « , for which we use virtual work to calculate.
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Finding the Multiplier

For beams and frames, we have:

1 2
0= ZIM §M'1dx+ Z.T—(g:::') dx
0 i
Thus:

‘ZIM oM}
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2.4 Virtual Work for Combined Structures

Basis

The virtual work that is done in a truss member is exactly the same concept as the
virtual work done in a beam element. Thus the virtual work for a structure comprised

of both types of members is just:
oW =0

oW =W,

ZYi -oF, :Zei 5P|+Z‘9| oM,

In which the first term on the RHS is the internal virtual work done by any truss

members and the second term is that done by any flexural members.

If a deflection is sought:

y.5|:zzei-§e+20i-5Mi

N:Z[%l -5P, +ZH'\E/'IX]5MX dx

To solve for an indeterminate structure, we have both:

M=M°+aM*
P=P°+aP*

for the structure as a whole. Hence we have:
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oW =0
é\NE:é\NI

Dy, 6F =) e-6P+> 6-6M,
o1-3[3) o2

L
2
0
(P°+a-sP") ]

}-5dex

ozz 5P,1+Zj[ (M, )]-5dex

o PL . SPL L e EMOsM? < (sM;)
0=> EAl 5P +a Z( = 1 SP, +Z-([—EI dx +a Zl—l dx

Hence the multiplier can be found as:

P°. 5P1 M?° 5M1
P ZI

(5Pl (o

cxfn)

0 i

Note the negative sign!

Though these expressions are cumbersome, the ideas and the algebra are both simple.

Integration of Bending Moments

We are often faced with the integration of being moment diagrams when using virtual
work to calculate the deflections of bending members. And as bending moment

diagrams only have a limited number of shapes, a table of “volume’ integrals is used.
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3. Examples

3.1 Examplel

Problem

Take El =8x10°kNm?* and EA=16x10° kN.

Solution

To be done in Class.
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3.2 Example 2

{ OM/M

AWJ C
3

’

D
cee7
L Z_/L ~ 7{'

(o £00 Baed aned Sev

15

£7 = Sx(o> knar?

ZI LA = lex (0>l
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3.3 Example 3

Problem
For the following structure, find:
(@) The force in the cable CD and the bending moment diagram;

(b) Determine the optimum length of the cable for maximum efficiency of the beam.

Part (a)

To be done in class.
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Part (b)
Efficiency of the beam means that the moments are resisted by the smallest possible

beam. Thus the largest moment anywhere in the beam must be made as small as

possible. Therefore the hogging and sagging moments should be equal:

i} W?Ma + 'f?
s ® A B TA 0%
k L/LJL(/L_A!’ JL___(;____k Ft'_/_z_*éizﬂr

/M | ,yf ,
/-\ = -+ MP
T
7 Mw

|

We know that the largest hogging moment will occur at L/2. However, we do not

know where the largest sagging moment will occur. Lastly, we will consider sagging

moments positive and hogging moments negative. Consider the portion of the net

bending moment diagram, M (x), from0to L/2:

— M, %)

The equations of these bending moments are:
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Thus:

The momentat L/2 is:

(a2 20

_wl® wl* PL
T4 8 4
w2 PL
8 4

Which is as we expected. The maximum sagging moment between 0 and L/2 is

found at:
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dM(x):O
dx
wL
2 max
_L_P
max_2 W

Thus the maximum sagging moment has a value:

(1) (L) WL PY_P(L_P)
" 22 2w) 2\2 2w 2\ 2 2w

wl?  PL W(LZ 2PL sz PL P?
+ -—

4 4 2\ 4 4w 4w 4 4w
_wl PL P
8 4 8w

Since we have assigned a sign convention, the sum of the hogging and sagging

moments should be zero, if we are to achieve the optimum BMD. Thus:

M (X, )+ M (L/2)=0

{WLZ PL PZ} {WLZ PL}
——t + -—|=0

8 4 8w 8 4
wl? PL P?
LI
4 2 8w

)

This is a quadratic equation in P and so we solve for P using the usual:
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Loe v
~2\4 8
T2

8w

_8wilL, L

2 278
:wl_(ziﬁ)

Since the load in the cable must be less than the total amount of load in the beam, that

Is, P <wL, we have:
P =wL(2-+2)=0586wL
With this value for P we can determine the hogging and sagging moments:

we wL(2-V2)L
8 4

:W(zﬁ—sj

8
=-0.0214wL’

M (L/2)=

And:

2 2
o8

22 -3 +[WL(2—\/§):|2

8 8w
3-242
8

=+0.0214wL?

= wL?

= wL?

20 Dr. C. Caprani



Structural Analysis IV

Lastly, the location of the maximum sagging moment is given by:

 —L_P
™2 2w
L wi(2-42)
2w
L
:E(\/E—l)
=0.207L

For our particular problem, w=5kN/m, L =4 m, giving:

P =0.586(5x4)=11.72 kN

M (X, ) =0.0214(5x4?) =1.71 KNm

Thus, as we expected, P >10 kN, the value obtained from Part (a) of the problem.

Now since, we know P we now also know the required value of the multiplier, « .
Hence, we write the virtual work equations again, but this time keeping Term 2 in

terms of L, since that is what we wish to solve for:

16 x10°

-3
o 2.083x10 _11.72

L +8.33x10°
16 x10°

O:a( . )—2.083x10‘3 +(8.33x10°)

Giving, L=1.51m as the solution.
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3.4 Example 4

For the following structure:

1. Determine the tension in the cable AB;

2. Draw the bending moment diagram;

3. Determine the vertical deflection at D with and without the cable AB.
Take ElI =120x10° kNm? and EA=60x10° kN .

R

‘ |okA)

As is usual, we choose the cable to be the redundant member and split the frame up

as follows:

Primary Structure Redundant Structure
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We must examine the BMDs carefully, and identify expressions for the moments
around the arch. However, since we will be using virtual work and integrating one
diagram against another, we immediately see that we are only interested in the
portion of the structure CB. Further, we will use the anti-clockwise angle from

vertical as the basis for our integration.

Primary BMD
Drawing the BMD and identify the relevant distances:

Hence the expression for M° is:

M, =20+10(2sin8)=20(1+sin6)
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Reactant BMD

This calculation is slightly easier:

M; =1-(2-2cos@)=2(1-cos0)

Virtual Work Equation

As before, we have the equation:

2
o PLY) il < SPLY) oo EMO.SM! | L(5|\/|§)
o_z( EAJi 5P +a Z[ — l SP, +Z-([—EI dx +a Z! =

Term 1 is zero since there are no axial forces in the primary structure. We take each

other term in turn.

Term 2

Since only member AB has axial force:
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Term 3
Since we want to integrate around the member — an integrand ds - but only have the
moment expressed according to &, we must change the integration limits by

substituting:

ds=R-d@=2d6

Hence:

L g O 1 72
ZJ'M%TMde:é [-2(1-cos8) ][ 20(1+sing) |2d6
0 0
80 7r/.2
== (-1+cosd)(1+sing)do
0
80 "

=5 (-1—sin@+cosd +cosfsing)dd

0

To integrate this expression we refer to the appendix of integrals to get each of the

terms, which then give:

7/2
—x Ty =— —0+cos€+sin«9—£cosze}
El 4
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Term4

Proceeding similarly to Term 3, we have:

Zi(gzlf) dx :% i [2(1-cosd)][2(1-cos @) |2dd
=% i. (1-2cos0+cos® 0)do

Again we refer to the integrals appendix, and so for Term 4 we then have:

L(sM2) 72
Z!)‘( :Ei!: 1 20056+00526)d9
/2
=i{9 Zsm9+ +lsm2¢9ﬂ
El 4 )
:i{{ﬁ—z } [0- 0+0+0]}
El 2
_i( )
CEI\ 4

Solution

Substituting the calculated values into the virtual work equation gives:

2 80(1-=x 8 (3n—7
0=0+a—+—| — |[+ta - —
EA EI\ 2 El 4

And so:

26 Dr. C. Caprani



Structural Analysis IV

(1)
El 2

:2+8(37z—7j
EA EIl 4

Simplifying:
20 -20
37[—7+EL
EA
In this problem, EI/EA =2 and so:
a=227"20_q6gkn
37 -5

We can examine the effect of different ratios of EI/EA on the structure from our
algebraic solution for « . We show this, as well as a point representing the solution

for this particular El/EA ratio on the following graph:

o Factor

0.0001 0.001 0.01 0.1 1 10 100 1000
Ratio EI/EA

10000
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As can be seen, by choosing a stiffer frame member (increasing EIl) or by reducing
the area of the cable, we can reduce the force in the cable (which is just 1-«).

However this will have the effect of increasing the moment at A, for example:

45 -

40
€ 35
zZ
X
= 30 |
<
s 25 |
c
(O]
g 20 |
=
= 15
=
o
m /{
5 |
T T T T O T T T 1
0.0001 0.001 0.01 0.1 1 10 100 1000 10000

Ratio EI/EA

Deflections and shear would also be affected.

Draw the final BMD and determine the deflection at D.
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3.5 Further Examples

To be done in class or given out in handout.
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4. Exercises

4.1 Problems

Problem 1

Find the BMD and the vertical deflection at C.
(Ans. o =7.8 for CD, &,,=1.93mm+)

Problem 2
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Problem 3

Problem 4
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4.2 Past Exam Questions

Sample Paper 2007

3. For the rigidly jointed frame shown in Fig. Q3, using Virtual Work:
(i)  Determine the bending moment moments due to the loads as shown;
(15 marks)

(if)  Draw the bending moment diagram, showing all important values;

(4 marks)
(iii) Determine the reactions at A and E;

(3 marks)
(iv) Draw the deflected shape of the frame.

(3 marks)

Neglect axial effects in the flexural members.
Take the following values:

| for the frame = 150x10° mm*;

Area of the stay EB = 100 mm?;

Take E = 200 kN/mm? for all members.

C
10 kN c
Al
B ]
D
e
Al
E A
) 2m | 2m
FIG. Q3
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Semester 1 Exam 2007

3. For the rigidly jointed frame shown in Fig. Q3, using Virtual Work:

(i)  Determine the bending moment moments due to the loads as shown;

(i)  Draw the bending moment diagram, showing all important values;

(iii) Determine the reactions at A and E;

(iv) Draw the deflected shape of the frame.

Neglect axial effects in the flexural members.
Take the following values:

| for the frame = 150x10° mm?*;

Avrea of the stay EF = 200 mm?;

Take E = 200 kN/mm? for all members.

(15 marks)

(4 marks)

(3 marks)

(3 marks)

C wey.
20 kN ——=— E
c 10 kN
<
B F
T D
S
<
LA
| 4 m 4 m
FIG. Q3
Ans.a=35.0.
33 Dr. C. Caprani



Structural Analysis IV

Semester 1 Exam 2008

QUESTION 3

For the frame shown in Fig. Q3, using Virtual Work:

(1 Determine the force in the tie;

(i)  Draw the bending moment diagram, showing all important values;

(iii)  Determine the deflection at C;

(iv)  Determine an area of the tie such that the bending moments in the beam are minimized;
(v)  For this new area of tie, determine the deflection at C;

(vi)  Draw the deflected shape of the structure.

(25 marks)

Note:
Neglect axial effects in the flexural members and take the following values:
e For the frame, | =600x10° mm*;

e Forthetie, A=300 mm?;
e For all members, E =200 kN/mm? .

L
D
TIE c
<
20 kN/m
§A B C
2m 2m |
FIG. Q3

Ans.a =21.24; &, =4.1mmi; A=2160 mm?; 5, =2.0 mm
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Semester 1 Exam 2009

QUESTION 3
For the frame shown in Fig. Q3, using Virtual Work:

(1 Determine the axial forces in the members;

(i)  Draw the bending moment diagram, showing all important values;
(iii)  Determine the reactions;

(iv)  Determine the vertical deflection at D;

(v)  Draw the deflected shape of the structure.

(25 marks)

Note:
Neglect axial effects in the flexural members and take the following values:

e For the beam ABCD, | = 600x10° mm*;

e For members BF and CE, A=300 mm?;
e For all members, E =200 kN/mm?.

. E
e
™ 6OKN¢
e
(e}
F
: L 3m 1m 4 m

FIG. Q3

Ans.a =113.7 (for CE); &p, =55 mm{
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5. Appendix — Trigonometric Integrals

5.1 Useful Identities

In the following derivations, use is made of the trigonometric identities:

cosesinQ:%sinZQ (1.1)
L1

cos 9:5(1+ c0s26) (1.2)

1

sin 49:5(1—c0320) (1.3)

Integration by parts is also used:

udx=ux—|xdu+C (1.4)
J J
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5.2 Basic Results

Neglecting the constant of integration, some useful results are:

[cos@d@ =sing (2.1)
[sinod6 =—cose (2.2)
. 1
[sinagd6=—=cosad (2.3)
a
1.
jcosa&’dazgsma@ (2.4)
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5.3 Common Integrals

The more involved integrals commonly appearing in structural analysis problems are:

jcos@sin 0deo

Using identity (1.1) gives:
[cos@singdo :%jsin 2006
Next using (2.3), we have:

1jsin 20d6 = E[—icos%’}
2 21 2

= —300329
4
And so:

jcosesinedez—%cosze (3.1)
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jcoszé’de

Using (1.2), we have:

jcos2 9d¢9z%j(1+ c0s20)do

1
:E[jldmjcoszede]
Next using (2.4):

1[j1d9+jcoszede] =1[9+lsin 29}
2 2 2

:g+lsin29
2 4

And so:

jcoszed¢9=§+%sin 20 (3.2)
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[sin*ode

Using (1.3), we have:

jsin2 QdH:%j(l—cosze)dH

1
:E[jlde—jcoszedej
Next using (2.4):

1 1d6 — | cos26d O :l H—ESiHZQ
2 2 2

:g—lsin 20
4

2

And so:

jsinzedezg—%sin 20

40

(3.3)
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J’Hcos&dé’

Using integration by parts write:

j’HcostH:fu dx

Where:
u=46 dx=cos& dé
To give:
du=dé
And

jdx = jcos@ de
X=sind

Which uses (2.1). Thus, from (1.4), we have:

ju dx:ux—jxdu
gcos@dld =6sin@— |sinfd de
J ]

And so, using (2.2) we have:

jecosedezesin9+cosﬁ

41

(3.4)
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[6singdo

Using integration by parts write:

[6sinodo = [u dx

Where:
u=6 dx=singdéo
To give:
du=dé
And
[dx=[sinode
X =—C0sé

Which uses (2.2). Thus, from (1.4), we have:

fudx=ux—[xdu
[6sinad6 =6(—cos)— [(—cosd)de

And so, using (2.1) we have:

j&sin 0dO=—-0cosh+sind

42

(3.5)
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[cos(A-6)do

Using integration by substitution, we write u= A— 6 to give:

du_
dé
du=-dé@

Thus:

[cos(A-6)d6 =[cosu(—du)
And since, using (2.1):

—jcosu du =—sinu

We have:

[cos(A—6)do =—sin(A-0) (3.6)
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[sin(A-6)do

Using integration by substitution, we write u= A— 6 to give:

du_
dé
du=-dé@

Thus:
[sin(A-6)d6 = [sinu(—du)
And since, using (2.2):
—[sinu du=—(—cosu)
We have:

[sin(A—6)d& =cos(A-6) (3.7)
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6. Appendix —Volume Integrals

T

/

T

/

L

/

=ikl =kl =(j,+2j,)kl = jki
i 3! 6 6(Jl+ i) 2!
kg 1. 1. 1. . 1.
=ikl = jki (2 kI = jki
/ 6 3 6( it Jo) 2!
1. 1. 1[j1(2k1+k2)+ 1.
k, ke gJ(|<1+2k2)| EJ(2kl+k2)| 6= EJ(lirkz)l
, o (K +2k,) |1
1. 1. 1,. . .
Ax L . l[jl(Hb)Jr =
0 = jk(1+a) = jk(1+b) 6 — Jki
a__ b _ 6 6 j,(1+a)]k 2
. 5 . 1. 1. _. 2.
= ik = jki = (3j,+5]j, )kl < jki
ﬁ o ,] (30,+5],) 5
1. 5 1. .. 2 .
K =ikl — jkl —(5j,+3]j, )kl — ki
Q 4! 12 2% 3%) 3
K 1. 1. 1,. .. 1.
= jki = kI = (j, +3j,)kl = jkl
4/ 7 o) 12(Jl+ i) 3]
K i 1. 1. 1. . 1.
=ikl = jki —(3 ki = jkl
/ 12] 4] 12( Jl+12) 31
1. 1. 1. . 2.
~ = ikl = ikl = kI < jki
0 3] 3] 3(11+Jz) 3
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7. Ring Beam Examples (Advanced)

7.1 Examplel

Problem

For the quarter-circle beam shown, which has flexural and torsional rigidities of El

and GJ respectively, show that the deflection at A due to the point load, P, at A is:

PR 7z PR3(37Z—8)
4

+
Y OEl 4 GJ
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Solution
The point load will cause both bending and torsion in the beam member. Therefore
both effects must be accounted for in the deflection calculations. Shear effects are

ignored.

Drawing a plan view of the structure, we can identify the perpendicular distance of
the force, P, from the section of consideration, which we locate by the angle 8 from

the y-axis:

The bending moment at C is P times the perpendicular distance |AC|, called m. The
torsion at C is the force times the transverse perpendicular distance \CD\, called t.

Using the triangle ODA, we have:
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sim9=m s.m=Rsing

R
cosH:O?D‘ ..|OD|=Rcosé

The distance |CDJ, or t, is R —|OD|, thus:

t=R-|0D
=R -Rcoséd
=R(1-cos®)

Thus the bending moment at point C is:

M (8)=Pm
=PRsing
The torsion at C is:
T(0)=Pt
=PR(1-cos9)

Using virtual work, we have:

oW =0

SW. = oW,

5Ay~5F:j%-5M ds+jg—J-5T ds
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This equation represents the virtual work done by the application of a virtual force,
oF , in the vertical direction at A, with its internal equilibrium virtual moments and
torques, oM and 6T and so is the equilibrium system. The compatible
displacements system is that of the actual deformations of the structure, externally at
A, and internally by the curvatures and twists, M/EIl and T /GJ .

Taking the virtual force, oF =1, and since it is applied at the same location and

direction as the actual force P, we have, from equations (1.1) and (1.2):
M (8)=Rsing (1.4)
ST (0)=R(1-cosd) (1.5)

Thus, the virtual work equation, (1.3), becomes:

Sy 1==[M -M ds+—— [T 6T ds
El GJ

y (L6)

/2 72

:% ! [PRsin&][RsinH]Rd¢9+é£[PR(l—cosH)][R(l—cos@)]Rd¢9

In which we have related the curve distance, ds, to the arc distance, ds = Rd&, which

allows us to integrate round the angle rather than along the curve. Multiplying out:

3 7/2 3 7/2
_PR sin?6do + PR j(l—cose)zde (1.7)
El GJ

0 0

Ay

Considering the first term, from the integrals’ appendix, we have:
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/2 72
jsinzede_ 9—1 |n2¢9}
’ 2 4
T 1
=l =-= 0-0 1.8
(G-30)-c0] @)
_r
4
The second termis:
7/2 /2
I(l—cos@)zdé?z j(l—2cose+cosze)d6’
0 0
/2 z/2 /2 (19)

= jlde—Zj cosd dé + Icoszede
0 0 0

Thus, from the integrals in the appendix:

/2 /2

J'(l—cose)zde [9];’/ [smH]”/2 B+%sin29}

0 0

:ng—(o)}—2[(1)—(0)]{(2+% Oj (0+0)} (1.10)

Substituting these results back into equation (1.7) gives the desired result:

PR® z, PR®(37-8
) 1.11
¥TTEL 4 GJ( 4 j (L11)
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7.2 Example 2

Problem

For the quarter-circle beam shown, which has flexural and torsional rigidities of El
and GJ respectively, show that the deflection at A due to the uniformly distributed

load, w, shown is:

_WR’ .1+WR4 .(”_2)2

Bl 2 G 8
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Solution

The UDL will cause both bending and torsion in the beam member and both effects

must be accounted for. Again, shear effects are ignored.

Bzf/// X o

N
% E’
w-RAF
Drawing a plan view of the structure, we must identify the moment and torsion at

some point C, as defined by the angle & from the y-axis, caused by the elemental

load at E, located at ¢ from the y-axis. The load is given by:

Force = UDL x length
=w-ds (2.1)
=w-Rd¢
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The bending moment at C is the load at E times the perpendicular distance |DE|,

labelled m. The torsion at C is the force times the transverse perpendicular distance

ICD|, labelled t. Using the triangle ODE, we have:

m

sin(0—¢)= - s.m=Rsin(6-¢)
cos(0—¢):@ ~.|OD|=Rcos(6 - ¢)
The distance t is thus:
t=R—|OD|
=R—Rcos(0-¢)

=R|[1-cos(0-¢)]

The differential bending moment at point C, caused by the elemental load at E is
thus:

dM () = Force x Distance
=[wRdg]xm

=[wRdg][ Rsin(6-¢) |
=WR’sin(6—¢)dg

Integrating to find the total moment at C caused by the UDL from A to C around the
angle 0 to @ gives:
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M (6)=[dm (9)
$=6
= [ wR®sin(6—¢)dg
$#=0

—wR? | sin(0—¢) dg
=0

In this integral @ is a constant and only ¢ is considered a variable. Using the identity

from the integral table gives:

M (6)=wR?| cos(0—¢) |

$=0
$=0

=WR?| (c0s0)—cosd |

And so:

M (6)=wR?(1-cosb)

Along similar lines, the torsion at C caused by the load at E is:

dT (6)=[wRdg]xt
= [wRdg]{R[1-cos(6 - ¢) |
—WR?[1-cos(0 - $)] dg

And integrating for the total torsion at C:
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T(6)=[dT(9)

=:jij2[1—cos(¢9—¢)]d¢
= WR2¢I6[1—005(6’—¢)] d¢

¢=0

$=6 $=6
=WR2{j1d¢— [ cos(@—¢)d¢}
$=0 $=0
Using the integral identity for cos(&—¢) gives:

T(0)=wR*{[g] ~[-sin(0-¢)] ]
=WR? {6 +[sin0—sin 9]}

And so the total torsion at C is:
T(@):WRZ(H—SiI’I@) (2.3)

To determine the deflection at A, we apply a virtual force, oF, in the vertical
direction at A. Along with its internal equilibrium virtual moments and torques, 6M
and oT and this set forms the equilibrium system. The compatible displacements
system is that of the actual deformations of the structure, externally at A, and

internally by the curvatures and twists, M/El and T/GJ . Therefore, using virtual

work, we have:
oW =0

SW, =W, (2.4)
M T
5Ay-5F=ja-5M ds+Ia-5T ds
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Taking the virtual force, oF =1, and using the equation for moment and torque at

any angle ¢ from Example 1, we have:

5M(0):Rsin0 (2.5)
6T (6)=R(1—cos8) (2.6)
Thus, the virtual work equation, (2.4), using equations (2.2) and (2.3), becomes:

5A

y .

1=éj|v|-5|v| ds+éjT-5T ds

/2

[ [WR?(1-cos0) |[Rsin0]Rdg (2.7)

L
El
/2

+é [ [wR?(6-sin6) ][ R(1-cos0)|Rdg

o

In which we have related the curve distance, ds, to the arc distance, ds=Rd&

allowing us to integrate round the angle rather than along the curve. Multiplying out:

WR* "
Sy = T I(sin&—sin@cos@)d&’
0 (2.8)

WR* ™2
t53 j(Q—sine—ecos¢9+cosesin9)d¢9

0

Using the respective integrals from the appendix yields:
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7/2

4
Opy = V\g |:—COSH+%C052(9i|

0

4 2

/2
+WR H—+cosH—(HsinH+cos¢9)—£cosZ¢9
GJ| 2 4

g o]

+V(V3F§4 K%z+O_(%_Hoj_%(_l)}(ou—(ou)—%ﬂ

_WR'[1
El |2
WwR*l 72 7 1 1
+ —_———t =+
GJ| 8 2 4 4

Writing the second term as a common fraction:

WwR* 1 WR*(#z°—4r+4
Ay = ot
El 2 GJ 8

And then factorising, gives the required deflection at A:

wR* 1 wR* (7*-2)
ny = =+ : (2.9)
El 2 GJ 8
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7.3 Example 3

Problem
For the quarter-circle beam shown, which has flexural and torsional rigidities of El
and GJ respectively, show that the vertical reaction at A due to the uniformly

distributed load, w, shown is:

A

y _WF{ 4B +(z-2) }

201 + 2(37[—8)
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Solution

This problem can be solved using two apparently different methods, but which are
equivalent. Indeed, examining how they are equivalent leads to insights that make
more difficult problems easier, as we shall see in subsequent problems. For both
approaches we will make use of the results obtained thus far:

e  Deflection at A due to UDL.:

4 4 ) 2
5A:WR 1, wR (7-2) (3.0)
 El 2 GJ 8
e  Deflection at A due to point load at A:
PR* = PR®(37-8
Ay = — 4+ ( j (3.2)
El 4 GJ 4

Using Compatibility of Displacement

The basic approach, which does not require virtual work, is to use compatibility of
displacement in conjunction with superposition. If we imagine the support at A
removed, we will have a downwards deflection at A caused by the UDL, which

equation (3.1) gives us as:

g0 JWRC L WR (7-2)

= + 3.3
MOEL 2 G 8 (33)

As illustrated in the following diagram.
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Since in the original structure we will have a support at A we know there is actually
no displacement at A. The vertical reaction associated with the support at A, called V,

must therefore be such that it causes an exactly equal and opposite deflection, ¢, , to

that of the UDL, &, , so that we are left with no deflection at A:

5 +6. =0 (3.4)
Ay Ay

Of course we don’t yet know the value of V, but from equation (3.2), we know the

deflection caused by a unit load placed in lieu of V:

(3.5)

, 1R .£+1-R3(3ﬂ—8j
w El 4 GJ 4
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This is shown in the following diagram:

Using superposition, we know that the deflection caused by the reaction, V, is V times

the deflection caused by a unit load:

5=V -5, (3.6)

Thus equation (3.4) becomes:

5 +V -5 =0 (3.7)

Which we can solve for V:
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0

i3 3.8
5, >

If we take downwards deflections to be positive, we then have, from equations(3.3),
(3.5), and (3.8):

El 2 GJ 8
V=— (3.9)

T l-RS.ﬂ+1-R3(37Z'—8)
El 4 GJ\ 4

The two negative signs cancel, leaving us with a positive value for V indicating that it

[WR“_l WR“_(ﬂ—Z)ZJ

is in the same direction as the unit load, and so is upwards as expected. Introducing

p= % and doing some algebra on equation (3.9) gives:

11, 1 (z-2) ), L.LL(?W—SJ b
El 2 pEI 8 El 4 pEI 4

R LLMJ{LE(BPSW
2 B 8 4 B 4

R 46 +(x-2) X—ﬂﬂ'+(372'—8):|
8p | 4P

=WR 4'B+(7Z_2)2 x_ 8p }
8/ |27 +2(37-8)

And so we finally have the required reaction at A as:
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VAsz( 4p+(z-2) j (3.10)
2ﬂ7r+2(372'—8)

Using Virtual Work

To calculate the reaction at A using virtual work, we use the following:

e  Equilibrium system: the external and internal virtual forces corresponding to a
unit virtual force applied in lieu of the required reaction;

e  Compatible system: the real external and internal displacements of the original
structure subject to the real applied loads.

Thus the virtual work equations are:

SW =0
SW, = 6W, (3.11)
SpyOF = [1-0M ds+ [ 45T ds

At this point we introduce some points:

e The real external deflection at A is zero: §Ay =0;

e  The virtual force, OF =1;

. : M
e The real curvatures can be expressed using the real bending moments, x = E;

: T
e  The real twists are expressed from the torque, ¢ :a :

These combine to give, from equation (3.11):

oa:ﬂ%}-am ds+Hg—J]5T ds (3.12)
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Next, we use superposition to express the real internal ‘forces’ as those due to the real
loading applied to the primary structure plus a multiplier times those due to the unit

virtual load applied in lieu of the reaction:

M=M’+aM* T=T°+aT" (3.13)

Notice that SM =M* and T =T*, but they are still written with separate notation to

keep the ideas clear. Thus equation (3.12) becomes:

LI (M® + aM* LI (T + oT?
Ozj g oM ds+j g -OT ds
) El ' GJ
(3.14)
L 0 L 1 L0 L o1
O:j—-(SM ds+a-IM—-§M ds+jT—-5T ds+a-jT—.5T ds
. El 5 El 2 GJ . GJ
And so finally:
S s _
Ihlgl-éM ds+J;]-5T ds
o =—L° 0 = (3.15)
LM1 LT1
j—-éM ds+_[—-5T ds
L El ) GJ |

At this point we must note the similarity between equations (3.15) and (3.8). From
equation (1.3), it is clear that the numerator in equation (3.15) is the deflection at A of
the primary structure subject to the real loads. Further, from equation (2.4), the

denominator in equation (3.15) is the deflection at A due to a unit (virtual) load at A.

Neglecting signs, and generalizing somewhat, we can arrive at an ‘empirical’

equation for the calculation of redundants:
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o due to actual loads of primary structure along
a= (3.16)

& due to unit redundant line of action of redundant

Using this form we will quickly be able to determine the solutions to further ring-

beam problems.

The solution for « follows directly from the previous examples:

e  The numerator is determined as per Example 1;

e  The denominator is determined as per Example 2, with P =1.

Of course, these two steps give the results of equations (3.3) and (3.5) which were
used in equation (3.8) to obtain equation (3.9), and leading to the solution, equation
(3.10).

From this it can be seen that compatibility of displacement and virtual work are
equivalent ways of looking at the problem. Also it is apparent that the virtual work
framework inherently calculates the displacements required in a compatibility
analysis. Lastly, equation (3.16) provides a means for quickly calculating the
redundant for other arrangements of the structure from the existing solutions, as will

be seen in the next example.
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7.4 Example 4

Problem
For the structure shown, the quarter-circle beam has flexural and torsional rigidities
of El and GJ respectively and the cable has axial rigidity EA, show that the tension in

the cable due to the uniformly distributed load, w, shown is:

T :WR[4ﬂ+(7z—2)2]{27rﬁ+ 2(37-8)+8

< |

L -1
?}

where ,B:Cé—‘ll and 7/:%.
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Solution
For this solution, we will use the insights gained from Example 3, in particular
equation (3.16). We will then verify this approach using the usual application of

virtual work. We will be choosing the cable as the redundant throughout.

Empirical Form

Repeating our ‘empirical’ equation here:

o due to actual loads of primary structure along 4.1)
o= .
o due to unit redundant line of action of redundant

We see that we already know the numerator: the deflection at A in the primary
structure, along the line of the redundant (vertical, since the cable is vertical), due to

the actual loads on the structure is just the deflection of Example 1:

WR' 1 wR’ .(77—2)2

O, = +
MOEL 2 G 8

(4.2)

This is shown below:
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Next we need to identify the deflection of the primary structure due to a unit

CT —
1

redundant, as shown below:

The components that make up this deflection are:
e  Deflection of curved beam caused by unit load (bending and torsion);

e  Deflection of the cable AC caused by the unit tension.

The first of these is simply the unit deflection of Example 3, equation (3.5):

&, (beam) =

(4.3)

1R 7 1-R°(37-8
El 4 GI\ 4

The second of these is not intuitive, but does feature in the virtual work equations, as

we shall see. The elongation of the cable due to a unit tension is:
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5, (cable) = % (4.4)

Thus the total deflection along the line of the redundant, of the primary structure, due

to a unit redundant is:

8,, = 6,,(beam)+ &, (cable)
_1~R3_£+1-R3(37z—8j+1.L (4.5)
El 4 GJ 4 EA

Both sets of deflections (equations (4.3) and (4.5)) are figuratively summarized as:

And by making &, =TJ,

Ay !

where T is the tension in the cable, we obtain our

compatibility equation for the redundant. Thus, from equations (4.1), (4.2) and (4.5)

we have:
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+
El 2 GJ 8

[LRz 1R(37-8) LL
El 4 GJ{ 4 ) EA

{WR“.l WR“.(ﬂ—Z)Z:l

(4.6)

Setting / :% and y :%, and performing some algebra gives:

rowg| L1, L (”‘2)2}{1 7, 1 (3ﬂ—8j+ L }1

_ . _._+
El 2 BEI 8 El 4 BEI\ 4 yR°El

=WR

_4ﬂ+(7r—2)2__ﬂ7z+(37z—8)+ LST @7

8/ 4p 7R

g (r-2)] 2ﬂ7r+2(37r—8)+8ﬁ%R3 7
8/ 8p

=WwWR

Which finally gives the required tension as:

T :WR[4ﬂ+(7r—2)2]{27rﬁ+ 2(37-8)+8

< ™

L -1
-¥} (4.8)

Comparing this result to the previous result, equation (3.10), for a pinned support at

A, we can see that the only difference is the term related to the cable: 8’8 L Thus

y R
the ‘reaction’ (or tension in the cable) at A depends on the relative stiffnesses of the
R° R L :
beam and cable (through the —, —— and — terms inherent through » and f).
El  GJ EA

This dependence on relative stiffness is to be expected.
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Formal Virtual Work Approach

Without the use of the insight that equation (4.1) gives, the more formal application

of virtual work will, of course, yield the same result. To calculate the tension in the

cable using virtual work, we use the following:

e  Equilibrium system: the external and internal virtual forces corresponding to a
unit virtual force applied in lieu of the redundant;

e  Compatible system: the real external and internal displacements of the original
structure subject to the real applied loads.

Thus the virtual work equations are:

SW =0
OW, = oW, (4.9)
SpyOF = [K-0M ds+[4-0T ds+ Y e-5P

In this equation we have accounted for all the major sources of displacement (and
thus virtual work). At this point we acknowledge:
e  There is no external virtual force applied, only an internal tension, thus 6F =0;

e  The real curvatures and twists are expressed using the real bending moments and
M T :
torques as xk =— and ¢ =—— respectively;
v T ¢ Gy "eP y
e The elongation of the cable is the only source of axial displacement and is
written in terms of the real tension in the cable, P, as e =%.
These combine to give, from equation (4.9):

L L
5Ay-O=I[M]5M ds+'|'[L]5T ds+ . 5P (4.10)
JLEI LG EA

As was done in Example 3, using superposition, we write:
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M=M°+aM" T=T"+aT! P=P°+qaP (4.11)

However, we know that there is no tension in the cable in the primary structure, since
it is the cable that is the redundant and is thus removed, hence P° =0. Using this and

equation (4.11) in equation (4.10) gives:

0 1 0 1 !
R e P

Hence:
L 0 L 1
osz—-alvl ds +a-jM—-5|v| ds
) El
0 L g1
+ i ST ds +a-jT—-5T ds (4.13)
. GJ
+a - E oP
EA
And so finally:

“M 5Mds+j5rds}
H 5Mds+f—5Tds o }

(4.14)

o=-

Equation (4.14) matches equation (3.15) except for the term relating to the cable.

Thus the other four terms are evaluated exactly as per Example 3. The cable term,
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1
PL. oP, is easily found once it is recognized that P* = §P =1 as was the case for the

moment and torsion in Example 3. With all the terms thus evaluated, equation (4.14)

becomes the same as equation (4.6) and the solution progresses as before.

The virtual work approach yields the same solution, but without the added insight of

the source of each of the terms in equation (4.14) represented by equation (4.1).
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7.5 Exampleb

Problem

For the structure shown, the quarter-circle beam has the properties:
e torsional rigidity of GJ;

o flexural rigidity about the local y-y axis El. ;

o flexural rigidity about the local z-z axis El, .

The cable has axial rigidity EA. Show that the tension in the cable due to the

uniformly distributed load, w, shown is:

Cwr| B [ 1) L g 82 ]
- F{ 2 }{ (1 zj A 7R2}

where ﬂ:ﬂ, ;/:E and 1= El, :
El, El, El

Y
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C 4
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Solution
We will carry out this solution using both the empirical and virtual work approaches
as was done for Example 4. However, it is in this example that the empirical

approach will lead to savings in effort over the virtual work approach, as will be seen.

Empirical Form

Repeating our empirical equation:

o= - (5.1)
o due to unit redundant

o due to actual loads of primary structure along
line of action of redundant

We first examine the numerator with the following y-z axis elevation of the primary

structure loaded with the actual loads:

Noting that it is the deflection along the line of the redundant that is of interest, we

can draw the following:
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/
/ 2

a Xy
SA Ay
NAL Ty

&"‘{ l[.)&az.
\

1{72;4 A

The deflection &,,, which is the distance \AA\ is known from Example 2 to be:

4 4 _9)?
s _WR' 1 wR (7-2)

“TEl 2 GJ 8

(5.2)

It is the deflection |AA| that is of interest here. Since the triangle A-A’-A’" is a 1-1-

V2 triangle, we have:

/Y 5.3
Az/4 \/E ( )

And so the numerator is thus:

wR*  WwR* (7-2)

= + .
2J2EI Gl 82

S,

(5.4)
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To determine the denominator of equation (5.1) we must apply a unit load in lieu of

the redundant (the cable) and determine the deflection in the direction of the cable.

Firstly we will consider the beam. We can determine the deflection in the z- and y-
axes separately and combine, by examining the deflections that the components of the

unit load cause:

To find the deflection that a force of 1 causes in the z- and y-axes directions, we

J2

will instead find the deflections that unit loads cause in these directions, and then

divide by /2.

Since we are now calculating deflections in two orthogonal planes of bending, we

must consider the different flexural rigidities the beam will have in these two
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directions: EIl, for the horizontal plane of bending (vertical loads), and El, for loads

in the x-y plane, as shown in the figure:

4\

?|
Y

A
7P

First, consider the deflection at A in the z-direction, caused by a unit load in the z-
direction, as shown in the following diagram. This is the same as the deflection

calculated in Example 1 and used in later examples:

(5.5)

. LR 1« 1-R3(37z—8j
S+

“T B Gl U 4

Y
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L
A

Considering the deflection at A in the y-direction next, we see from the following

diagram that we do not have this result to hand, and so must calculate it:
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Looking at the elevation of the x-y plane, we have:

The lever arm, m, is:
m=Rsinéd (5.6)
Thus the moment at point C is:
M(6)=1-m=1-Rsiné (5.7)

Using virtual work:
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SW =0
OW, = W, (5.8)
1.6, =[x-6M ds

In which we note that there is no torsion term, as the unit load in the x-y plane does

not cause torsion in the structure. Using x = M /EI, and ds=Rd&:

/2 M
1.6, = lﬁam RdO (5.9)

z

Since M =6M =Rsin#, and assuming the beam is prismatic, we have:

R® 2
1-5Ayzﬁlsm 0deo (5.10)

z

This is the same as the first term in equation (1.7) and so immediately we obtain the

solution as that of the first term of equation (1.11):

R r
ot =— 5.11
YOEIL 4 (5.11)

In other words, the bending deflection at A in the x-y plane is the same as that in the
z-y plane. This is apparent given that the lever arm is the same in both cases.
However, the overall deflections are not the same due to the presence of torsion in the

z-y plane.

Now that we have the deflections in the two orthogonal planes due to the units loads,

we can determine the deflections in these planes due to the load i:

V2
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* 2] El
we _ R
Ay \/E

1 37r—8ﬂ (5.12)

} (5.13)

Looking at the contributions of each of these deflections along the line of action of

the redundant:

ﬂt
San f‘gfq

SA [AE] Y‘J

From this we have:

4
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51/f
JE
1 R 1 o 1(3z-8
= - 5.14
\/E\/E{EIY 4 GJ( 4 ﬂ .14)
R 1 N 1(372'—8]
2|El, 4 GJ\ 4
AD——&W
5,|AD]=—
1 R| 1 =z
= - 5.15
\/E\/E{EI 4} 5-15)
_R[1 #
2| El, 4

Thus the total deflection along the line of action of the redundant is:

O.e =0, |AE|+ 5, |AD|
_R[ 1 7T+i(372'—8j Rl 1 (5.16)
C2|El, 4 GI\ 4 2 |El, 4
This gives, finally:
3 fr—
A A B S T R (3” 8) (5.17)
"t 2| 4(El, El) GI\ 4

To complete the denominator of equation (5.1), we must include the deflection that

the cable undergoes due to the unit tension that is the redundant:
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(5.18)

EA

The relationship between R and L is due to the geometry of the problem — the cable is

at an angle of 45°,

Thus the denominator of equation (5.1) is finally:

3 p—
PAELAN A R N PR i 22J§ (5.19)
7" 2|4 El, ElL) GIU 4 ) REA

Y

The solution for the tension in the cable becomes, from equations (5.1), (5.4) and
(5.19):

J 1 1 (z-2)
Wk {2J§E|+GJ' 82 }

T = (5.20)
R[»~(1 1) 1 (37[—8) 242
—| = + + +
2|4 El, El ) GI\ 4 R?EA
Using g = :IJ Y= :IA and A= El, , We have:
1 1 (z-2)
T=wR + :
L/EElY PEI,  8/2 }
(5.21)

(1 1 1 (3%—8} N
x| = + + +
8| El,  2EI, )" BEL 8 R EI
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Continuing the algebra:

ol 235

_WR4ﬂ+(n—2)2}{£(l+lj L (3, g)+ 8.2 }

+_
882 sl A1) 8p 8yR?

Which finally gives the desired result:

~ 48+ (x-2) AT +8\/§ N
T_Wp{ e }Hl }J HES) } (5.23)

/4

Formal Virtual Work Approach
In the empirical approach carried out above there were some steps that are not
obvious. Within a formal application of virtual work we will see how the results of

the empirical approach are obtained ‘naturally’.

Following the methodology of the formal virtual work approach of Example 4, we

can immediately jump to equation (4.10):

L L
5Ay-O:J.{%]§M ds+j[GT—J]5T ds+%-5P (5.24)
0

0

For the next step we need to recognize that the unit redundant causes bending about

both axes of bending and so the first term in equation (5.24) must become:

L L L
j{M]CSM ds = [| x| 5M, ds+ [| oz |- 5M, ds (5.25)
| El JEr JEl
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In which the notation M, and M, indicate the final bending moments of the actual

structure about the Y-Y and Z-Z axes of bending respectively. Again we use

superposition for the moments, torques and axial forces:

M, =M°+aM!
M, =M’ +aM}
T=T +qT!
P=P°+aP

(5.26)

We do not require more torsion terms since there is only torsion in the z-y plane. With
equations (5.25) and (5.26), equation (5.24) becomes:

(5.27)
L(T°+aTﬁ (P°+aPﬂL
+| .ST ds+ SP
G EA
Multiplying out gives:
L L 1
j oM dS+a-J'&'5MY ds
0 0 EIY
MO 1
—£.6M, ds+a- f—z oM, ds
0 EIz I, (5.28)

EA EA
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At this point we recognize that some of the terms are zero:

e There is no axial force in the primary structure since the cable is “cut’, and so
P°=0;

e There is no bending in the x-y plane (about the z-z axis of the beam) in the

primary structure as the loading is purely vertical, thus M, =0.

Including these points, and solving for « gives:

{ MY -OM, ds+J— ﬂds}
El,

(5.29)

o=-
L 1 1
jMY-élle ds+j—z-5Mz ds+_[—-5T ds+ - C.5p
) El, ) El, ) GJ EA

We will next examine this expression term-by-term.

L 0
& oM, ds
El,

0

For this term, M. are the moments caused by the UDL about the y-y axis of bending,

as per equation (2.2):

My (6)=wR?(1-cos0) (5.30)

Y

oM, are the moments about the same axis caused by the unit redundant. Since this

redundant acts at an angle of 45° to the plane of interest, these moments are caused

by its vertical component of i. From equation (1.4), we thus have:

NA

M, (6) = —=Rsin® (5.31)

V2
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Notice that we have taken it that downwards loading causes positive bending

moments. Thus we have:

MO 1 5 1.
OE_IY.5I\/|Y ds:E—IYI[wR (1—0059)] —ﬁRsm@ ds
L (5.32)

(sin@—sin@cosd) Rd6
x/_EIY !

In which we have used the relation ds=Rdé&. From the integral appendix we thus

have:
L 4 /2
j:;/l— —\/V%I; {[—cos@]g/z—[—%cosze} }
0 R3Y . ° (5.33)
w
= -[(0)-)]+=[(-1)-(1
Bt O-@]+3{0-0]
And so finally:
[ My WR*
-OM, ds = 5.34
VEl, 2J2E, (5:34)
L 40
I oT ds
GJ

0

The torsion caused by the UDL in the primary structure is the same as that from

equation (2.3):

T°(6)=wR*(6—sinb) (5.35)
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Similarly to the bending term, the torsion caused by the unit redundant is 1 that of

NG

the unit load of equation (2.6):
6T (0)=——=R(1-cosb) (5.36)

Again note that we take the downwards loads as causing positive torsion. Noting
ds = Rdé we thus have:

(T 1% 1
—- ol ds=— R°(@—-sing) || ——=R(1-cosé) |RdO
!GJ =53 '([[w (6 —sin )][ % (1-cos )}
:_\/V%GJ I(H—sin@)(l—cos@)dé’
0

This integral is exactly that of the second term in equation (2.8). Hence we can take

its result from equation (2.9) to give:

L0 4 2_2
T wR* (7*-2)
—— 5T ds=- : 5.38
) GJ J2G) 8 (5:38)

L 1
jM—IY-dMY ds

0 Y
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For this term we recognize that M, =M, and are the moments caused by the %

component of the unit redundant in the vertical direction and are thus given by

equation (1.1):

1 i
oM, = Mj(@)zﬁRsm@ (5.39)
Hence this term becomes:
L 1 72
jMY -6M, ds:ij[iRsinH}{iRsine} Rd6
> EI El, 5|2 J2
(5.40)
R3

7/2
[sinfodo
2El, %

From the integral tables we thus have:

/2

L 1 3 I

jMY-5M ds=——| 2 _Lsinop

0 L2 4 0
(5.41)

And so we finally have:

L 1 3
jMY oM, ds=R_.% (5.42)
El, 8

0 Y Y

L 1
jMZ -5M,, ds
0 EIZ
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Again we recognize that M; =6M, and are the moments caused by the =l

N

component of the unit redundant in the x-y plane and are thus given by equation (5.7).

Hence this term becomes:

LMl 171'/2
!EY oM, d |

oMy S_E [%Rsin@}{%Rsine}RdH (5.43)

This is the same as equation (5.40) except for the different flexural rigidity, and so

the solution is got from equation (5.42) to be:

NVE 3
J‘Mz .§|\/|Z ds = R Z (5'44)
s El ElIL 8

z z

L 1
, GJ
Once again note that T'=6T and are the torques caused by the % vertical
component of the unit redundant. From equation (1.2), then we have:
.1
6T =T'=—=R(1-cos8) (5.45)

J2

Thus:

L —1 /2
;—J-(ST ds=— ![—R (1- cosH)}[%R(l—cosH)}RdH

3

0

(5.46)

j 1- 0039
0
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This integral is that of equation (1.9) and so the solution is:

L 1 3
, GJ GJ 8
1
PL . SP
EA
Lastly then, since P'=6P=1and L= R/2, this term is easily calculated to be:
1
P L-5P:R—\/E (5.48)
EA EA

With the values for all terms now worked out, we substitute these values into

equation (5.29) to determine the cable tension:

2 2
_ wR'*  wR .<7f -2)
2J2El, 2G1 8

a=- (5.49)
R® 7 R =z R3(37T—8j Rv2
— 4+ —+ +
El, 8 EI, 8 GJ| 8 EA
Cancelling the negatives and re-arranging gives:
2
wre 11 (7-2)
2J2El, GJ 82
= (5.50)

RE[7z(1 1 1 (&:—8) 2\2
—| = + + +
2|4l El, EI ) GI\ 4 R2EA
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And this is the same as equation (5.20) and so the solution can proceed as before to

obtain the tension in the cable as per equation (5.23).

Comparison of the virtual work with the empirical form illustrates the interpretation
of each of the terms in the virtual work equation that is inherent in the empirical view

of such problems.
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7.6 Review of Examples 1 -5

Example 1

For a radius of 2 m and a point load of 10 kN, the bending and torsion moment

diagrams are:

20 -
Bending e
—— — Torsion e

15+ yd

~ //

< e

= 10 y

(] -

S _

o ,/

2 P

o — —r \ | | | | | | ]
0 10 20 30 40 50 60 70 80 90

Degrees from Y-axis

Using the equations derived in Example 1, the Matlab script for this is:

function RingBeam_Ex1
% Example 1

R = 2; % m

P = 10; % KN

theta = 0:(pi1/2)/50:pi/2;
M = P*R*sin(theta);
T = P*R*(1-cos(theta));

hold on;

plot(theta.*180/pi ,M, "k-");
plot(theta.*180/pi1,T,"r--");

ylabel ("*Moment (KNm)*®);

xlabel ("Degrees from Y-axis");
legend("Bending®, "Torsion", "location®™, "NW");
hold off;
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Example 2

For a radius of 2 m and a UDL of 10 kN/m, the bending and torsion moment

diagrams are:

40 -

Bending

Bl Torsion

30

25

20

15+

Moment (KNm)

10+

0 - . \ | | | | |
0 10 20 30 40 50 60 70 80 90

Degrees from Y -axis

Using the equations derived in Example 2, the Matlab script for this is:

function RingBeam_Ex2
% Example 2

R = 2; % m

w = 10; % KN/m

theta = 0:(pi1/2)/50:pi/2;
M = w*R"2*(1-cos(theta));
T = w*R"2*(theta-sin(theta));

hold on;

plot(theta.*180/pi ,M, "k-");
plot(theta.*180/pi,T, " r--");

ylabel ("*Moment (KNm)*®);

xlabel ("Degrees from Y-axis");
legend("Bending®, "Torsion", "location®™, "NW");
hold off;
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Example 3

For the parameters given below, the bending and torsion moment diagrams are:

20 -
Bending
. [ ]
—— — Torsion ‘
X: 90
151 Y:17.19
10+
B
prd
<
g S
(]
S X: 90
= Y:0.02678
n
_10 | | | | | | | | |
0 10 20 30 40 50 60 70 80 90

Degrees from Y -axis

Using the equations derived in Example 3, the Matlab script for this is:

function [M T alpha] = RingBeam_ Ex3(beta)
% Example 3
R = 2; % m
w = 10; % KN/m
1 = 2.7e7; % mm4
Jd = 5.4e7; % mm4
E = 205; % KN/mm2
v = 0.30; % Poisson"s Ratio
G = E/(2*(1+Vv)); % Shear modulus
El = E*I1/1e6; % KNm2
GJ = G*J/1e6; % KNm2
if nargin < 1
beta = GJ/EI; % Torsion stiffness ratio
end
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alpha = w*R*(4*beta+(pi-2)"2)/(2*beta*pi+2*(3*pi-8));
theta = 0:(pi1/2)/50:pi/2;

MO = w*R"2*(1-cos(theta));

TO = w*R"2*(theta-sin(theta));

M1 -R*sin(theta);

T1 -R*(1-cos(theta));

M
T

MO + alpha.*M1;
TO + alpha.*T1;

if nargin < 1
hold on;
plot(theta.*180/pi,M,"k-");
plot(theta.*180/p1,T, " r--");
ylabel (*Moment (KkNm)*®);
xlabel ("Degrees from Y-axis");
legend("Bending®, "Torsion", "location®™, "NW");
hold off;

end

The vertical reaction at A is found to be 11.043 kN. Note that the torsion is
(essentially) zero at support B. Other relevant values for bending moment and torsion

are given in the graph.

By changing £, we can examine the effect of the relative stiffnesses on the vertical

reaction at A, and consequently the bending moments and torsions. In the following
plot, the reaction at A and the maximum and minimum bending and torsion moments

are given for a range of £ values.

Very small values of g reflect little torsional rigidity and so the structure movements
will be dominated by bending solely. Conversely, large values of g reflect structures
with small bending stiffness in comparison to torsional stiffness. At either extreme
the variables converge to asymptotes of extreme behaviour. For 0.1< <10 the
variables are sensitive to the relative stiffnesses. Of course, this reflects the normal

range of values for £.

99 Dr. C. Caprani



Structural Analysis IV

Max M

MaxT — — MinT

25+

15+

10+ e

_________________
~——
~~~~~
~
~
~
~
~
~

Load Effect (kN & kNm)

_____

Beta

The Matlab code to produce this figure is:

% Variation with Beta
beta = logspace(-3,3);
n = length(beta);
for 1 = 1:n

[M T alpha] =

RingBeam_Ex3(beta(i));

EFF(i,1)
EFF(i,2)
EFF(i,3)
EFF(i,4)
EFF(i,5)

end

hold on;

plot(beta,EFff(
hold off;

plot(beta,Eff(:
plot(beta,Eff(:
plot(beta,Eff(:
plot(beta,Eff(:

alpha;
max(M) ;
min(M);
max(T);
min(T);

,1),"b:");
,2),"k-","LineWidth",2);
,3),"k=-");
,4),"r--","LineWidth",2);
2,5),"r--");

set(gca, "xscale®,"1og");

"Orientation”, "horizontal ") ;
xlabel ("Betar);
ylabel ("Load Effect (kN & kNm)*);

legend("Vvar®, "Max M, *Min M*,*Max T","Min T, Location®™, "NO",...
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Example 4

For a 20 mm diameter cable, and for the other parameters given below, the bending

and torsion moment diagrams are:

20 -
Bending -
—— — Torsion X: 90
15+ Y:17.58
10
£
z
X
) 5 L
% X: 90
S Y:0.4128
= N |
X: 59.4 o
Y:-3967 - T
- 7.7 ——
_10 | | | | | | | | |
0 10 20 30 40 50 60 70 80 90

Degrees from Y-axis

The values in the graph should be compared to those of Example 3, where the support

was rigid. The Matlab script, using Example 4’s equations, for this problem is:

function [M T alpha] = RingBeam_ Ex4(gamma,beta)
% Example 4
R = 2; % m - radius of beam
L = 2; % m - length of cable
w = 10; % kN/m - UDL
A = 314; % mm2 - area of cable
1 = 2.7e7; % mm4
Jd = 5.4e7; % mm4
E = 205; % KN/mm2
v = 0.30; % Poisson"s Ratio
G = E/(2*(1+V)); % Shear modulus
EA = E*A; % kKN - axial stiffness
El = E*I1/1e6; % KkNm2
GJ = G*J/1e6; % KNm2
ifT nargin < 2
beta = GJ/EI; % Torsion stiffness ratio
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end
if nargin < 1
gamma = EA/EI; % Axial stiffness ratio
end
alpha = w*R*(4*betat+(pi-2)"2)/(2*beta*pi+2*(3*pi-

8)+8*(beta/gamma)*(L/RA3))

theta = 0:(pi1/2)/50:pi/2;

MO = w*R"2*(1-cos(theta));

TO = w*R"2*(theta-sin(theta));
M1 = -R*sin(theta);

Tl = -R*(1-cos(theta));

M = MO + alpha.*M1;

T = TO + alpha.*T1;

if nargin < 1
hold on;
plot(theta.*180/pi,M,"k-");
plot(theta.*180/pi,T,"r--");
ylabel (*Moment (KkNm)*®);
xlabel ("Degrees from Y-axis");
legend("Bending”, "Torsion", "location”, "NW");
hold off;

end

Whist keeping the g constant, we can examine the effect of varying the cable
stiffness on the behaviour of the structure, by varying . Again we plot the reaction

at A and the maximum and minimum bending and torsion moments for the range of

y values.

For small y, the cable has little stiffness and so the primary behaviour will be that of
Example 1, where the beam was a pure cantilever. Conversely for high y, the cable
is very stiff and so the beam behaves as in Example 3, where there was a pinned
support at A. Compare the maximum (hogging) bending moments for these two cases
with the graph. Lastly, for 0.01< y <3, the cable and beam interact and the variables
are sensitive to the exact ratio of stiffness. Typical values in practice are towards the

lower end of this region.
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Min M ===== MaxT — — MinT

Max M

Load Effect (kN & kNm)

_10 | Lol | Lol Lol |

The Matlab code for this plot is:

% Variation with Gamma
gamma = logspace(-3,3);
n = length(gamma);
for 1 = 1:n
[M T alpha] = RingBeam_Ex4(gamma(i));

Eff(i,1) = alpha;
EFF(i,2) = max(M);
EfFFf(i,3) = min(M);
EfFf(i,4) = max(T);
EFF(i,5) = min(T);
end
hold on;

plot(gamma,Eff(:,1),"b:");

plot(gamma,Eff(:,2), "k-", "LineWidth",2);

plot(gamma,Eff(:,3), "k-");

plot(gamma,Eff(:,4), " r--", "LineWidth",2);

plot(gamma,EfFf(:,5), " r--");

hold off;

set(gca, "xscale”,"l1og");

legend(°T", "Max M*,*Min M","Max T%,*Min T","Location”,"NO", ...
"Orientation”, "horizontal ") ;

xlabel (*Gamma*®);

ylabel ("Load Effect (kN & kNm)*);
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Example 5

Again we consider a 20 mm

diameter cable, and a doubly symmetric section, that is

El, = El, . For the parameters below the bending and torsion moment diagrams are:

30~
YY Bending
ffffff ZZ Bendin
20 . g a
—— — Torsion X: 90
. Y:20.78
% X: 90
< Y:3.61
5 =
IS
[e]
p=
X: 90
Y:-19.22
—--- ®h
0 10 20 30 40 50 60 70 80 90

The values in the graph shou

Degrees from Y-axis

Id be compared to those of Example 4, where the cable

was vertical. The Matlab script, using Example 5’s equations, for this problem is:

function [My T alpha]
% Example 5
R = 2; %
w = 10; %
A = 314; %
ly = 2.7e7; %
Iz = 2.7e7; %
J = 5.4e7; %
E = 205; %
v = 0.30; %
G = E/(2*(1+Vv)); %
EA = E*A; %
Ely = E*ly/1e6; %
Elz = E*1z/1€6; %
GJ = G*J/1e6; %
if nargin < 3

beta = GJ/Ely;
end

= RingBeam Ex5(lamda,gamma,beta)
m - radius of beam
kN/m - UDL

mm2 - area of cable
mm4

mm4

mm4

kN/mm2

Poisson®s Ratio
Shear modulus

kN - axial stiffness
kNm2

kNm2

kNm2

% Torsion stiffness ratio
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if nargin < 2

gamma = EA/Ely; % Axial stiffness ratio
end
if nargin < 1

lamda = Ely/Elz; % Bending stiffness ratio
end

numerator = (4*beta+(pi-2)"2)/(beta*sqrt(2));

denominator = (pi1*(1+1/1amda)+(3*pi-
8)/beta+8*sqrt(2)/(gamma*R"2));

alpha = w*R*numerator/denominator;

theta = 0:(pi/2)/50:pi/2;

MOy = w*R"2*(1-cos(theta));
MOz 0;

TO = w*R"2*(theta-sin(theta));
Mly = -R*sin(theta);

M1z = -R*sin(theta);

Tl = -R*(1-cos(theta));
My = MOy + alpha.*Mly;
Mz = MOz + alpha.*M1z;

T = TO + alpha.*T1;

if nargin < 1
hold on;
plot(theta.*180/pi ,My, "k");
plot(theta.*180/pi,Mz,"k:");
plot(theta.*180/p1,T, " r--");
ylabel (*Moment (KkNm)*®);
xlabel ("Degrees from Y-axis");
legend(°YY Bending®,"ZZ Bending®, "Torsion", "location”, "NW");
hold off;
end

Keep all parameters constant, but varying the ratio of the bending rigidities by
changing A, the output variables are as shown below. For low A (a tall slender beam)
the beam behaves as a cantilever. Thus the cable requires some transverse bending
stiffness to be mobilized. With high A (a wide flat beam) the beam behaves as if
supported at A with a vertical roller. Only vertical movement takes place, and the
effect of the cable is solely its vertical stiffness at A. Usually 0.1< 1 <2 which means

that the output variables are usually quite sensitive to the input parameters.
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The Matlab code to produce this graph is:

% Variation with Lamda
lamda = logspace(-3,3);

n = length(lamda);
for 1 = 1:n
[My T alpha] = RingBeam Ex5(lamda(i));
Eff(1,1) = alpha;
EfFF(i,2) = max(My);
EfFf(i,3) = min(My);
EFF(i,4) = max(T);
EfFFf(i,5) = min(T);
end
hold on;

plot(lamda,Eff(:,1),"b:");
plot(lamda,Eff(:,2), "k-", "LineWidth",2);
plot(lamda,Eff(:,3), k-");
plot(lamda,Eff(:,4), " r--","LineWidth",2);
plot(lamda,Eff(:,5), " r--");

hold off;

set(gca, "xscale","l1og");

"Orientation”, "horizontal ") ;
xlabel ("Lamda*);
ylabel ("Load Effect (kN & kNm)*);

legend("T", "Max My®,*Min My®,"*Max T",*Min T","Location®,"NO", ...
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